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The energy loss of heavy ions in a strongly magnetized plasma is studied by means of Vlasov and
Particle-in-Cell~PIC! simulations. The topic is of importance for many practical applications, as for
example in the electron cooling of heavy ion beams. Measurements of the longitudinal cooling force
show strong deviations from the well known linear theories. Moreover, the possibility of heavy ions
to reach high charge statesZp increases the interest in understanding the plasma regime with
coupling parameterZp /ND.1 (ND is the number of electrons in a Debye sphere!, when nonlinear
phenomena are important. In this regime a linearization of the drift kinetic Vlasov–Poisson system
is not possible, so that a fully nonlinear numerical approach is unavoidable. Comparisons between
the two numerical schemes are made for the stopping power and the potential created in the plasma
by a moving ion, together with the dielectric theory of ion stopping. Our results show strong
deviations from the dielectric theory, and our investigations show the importance of the role played
by the electrons trapped in the potential troughs excited by the ion in the stopping process. ©1996
American Institute of Physics.@S1070-664X~96!02003-9#

I. INTRODUCTION

The stopping power of ions in a magnetized plasma is an
important quantity for the electron cooling of ion beams,1,2 a
technique used in accelerator physics to reduce the phase
space volume of ion beams. The cooling process is based on
the energy loss due to Coulomb interaction of the ions in a
superimposed cold electron beam moving with the same av-
erage velocity and guided by a longitudinal magnetic fieldB.
Typical parameters for an electron cooling device are
T.1021–1024 eV and n.106–108 cm23, which means
that ND.1022–104, i.e., the plasma regime covers a wide
region of parameters, running from strongly coupled
(ND,1) to ideal plasmas. Furthermore, the longitudinal
magnetic field is quite strong (B'1 kG!. The process is
characterized by a cooling time and a final ion-beam tem-
perature, and these quantities may be obtained when friction
~drag! and diffusion in ion-velocity space are determined.
Recent experimental results3 of the longitudinal cooling
force for fully stripped medium and heavy ions show devia-
tions from the well known linearized theories, the dielectric
and binary collision theories. The reason is addressed to non-
linear plasma phenomena, the interaction being quite strong
(Zp /ND.1). Interest arises in understanding these phenom-
ena. Another point of interest is the question of whether the
stopping power reaches a stationary state during the cooling
process. The interaction time between the incoming ion and
the electron beam in the cooling section is of the order of a
few plasma periods. This means that the time evolution is of
great importance in determining the cooling process of the
ion beam. In this paper we study the interaction of a heavy
ion moving in a strongly magnetized plasma, with particular
interest for the nonlinear regime of interaction in a classical

and collisionless plasma (ND.1). We shall assumer L!l in
the following, wherer L is the electron Larmor radius and
l5v0 /vP the dynamical screening length, with
vP
254pn0e

2/me the plasma frequency, in order to apply the
approximation of an infinite magnetic field. The electron dy-
namics in the transverse direction is effectively frozen in the
strong magnetic field, and the motion reduces to one dimen-
sion. In this case the drift kinetic Vlasov equation coupled
with the Poisson equation can be used to study the collective
electron response.1 Within the framework of the linearized
drift kinetic Vlasov–Poisson system a similar problem has
been already addressed in Refs. 4 and 5, where the stopping
power and wake field are calculated for superthermal elec-
trons in a magnetized plasma. Following O’Neil,6 it is
claimed that the usual dielectric theory is not valid for the
problem considered in the present work. The argumentation
is based on O’Neil’s one-dimensional solution for the steady-
state amplitude of an initial periodic perturbation. He showed
that the usual Landau damping is correct only for short
times, so that the steady-state solution cannot be described
by the usual dielectric theory. The electrons trapped in the
wave are essential to determine the asymptotic (t→`) wake
field. It must be noted that this argumentation is valid only if
the velocity phase space is one-dimensional. In more dimen-
sions wave-electron energy transfer is possible via small
angle deflections and the usual dielectric approach can be
used to describe also the asymptotic behavior in time. The
nonlinear stopping power of a negative ion in a one-
dimensional plasma has been treated in Ref. 7, where a non-
linear analytic solution is obtained for the stopping power in
the limit of small velocities,v0!v th . This solution is differ-
ent from the dielectric result. Also the problem of the exist-
ence of a steady-state stopping power in a collisionless
plasma has been considered there. For the determination of
the longitudinal cooling force, and also for a general under-
standing of nonlinear plasma effects connected with ion stop-
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ping, the drift kinetic Vlasov–Poisson system must be solved
numerically. The results of the numerical solution will be
presented, together with the results obtained by Particle-in-
Cell ~PIC! simulations. With the help of the full time depen-
dent solution, analytical models can be checked. In Sec. II
the drift kinetic Vlasov–Poisson system is introduced and a
short review of some standard analytical approaches~Sec.
III !, together with some global considerations and scaling
laws ~Sec. IV!, is presented. To describe the process of ion
stopping in a classical thermal plasma it is useful to intro-
duce the following dimensionless variables:r→r /lD ,
v5ve /v th , t→vPt, f→v th

3 f /n0 , f→ef/kT, n5ne /n0 ,
Z5Zp /ND , where n0 is the initial electron density,lD

2

5kT/4pn0e
2 the Debye length,ND5n0lD

3 the number of
particles in the Debye sphere,v th

2 5kT/me the electron ther-
mal velocity,T the electron plasma temperature,k the Bolt-
zmann constant,e andme the electron charge and mass re-
spectively,Zp the charge state of the ion,f5 f (rW,vz ,t) is the
electron distribution function, andf5f(rW,t) the electro-
static potential. Finally we want to stress that in this paper
we neglect all atomic physics processes as ionization and
recombination, being not directly of concern with the subject
of this work.

II. DRIFT KINETIC VLASOV–POISSON SYSTEM

A classical and collisionless electron plasma with a ho-
mogeneous ion background and immersed in a strong longi-
tudinal magnetic field (BW 5BeW z) can be treated in the frame-
work of the Vlasov–Poisson equations. Ifr L!l holds, one
can think of electron guiding centers moving only along the
magnetic field lines, and the motion of the electrons being
one-dimensional. The drift kinetic Vlasov equation for the
distribution function f (rW,vz ,t),

8 coupled with the Poisson
equation for the electrostatic potentialf(rW,t) thus becomes
~see also Ref. 1!:

] f

]t
1vz

] f

]z
1

]f~rW,t !

]z

] f

]vz
50, ~1!

2
]2f

]rW2
512n~rW,t !1Zd~rW2v0eW zt !, ~2!

where

n~rW,t !5E dvzf ~rW,vz ,t ! ~3!

is the electron density. In Eq.~1! the d-function represents
the point like projectile. Once the solution for the potential is
known, the stopping power is defined as

2
dE

dz
5ZND

]f ind~rW5vW 0t !
]z

. ~4!

The magnetic field cannot be regarded as infinite for those
electron guiding centers passing the ion with impact param-
etersb&r L!l. The exact inclusion of effects due to the
finite size of the Larmor radius is quite complicated, never-
theless the stopping power due to these electrons can be ap-
proximated by neglecting the magnetic field and using the

standard binary collision theory~BCT! for a bare Coulomb
potential with an upper cut-offbmax5rL ~see Ref. 9 for a
detailed description of the BCT!:

2
dE

dz
U
BCT

5
Z2ND

4p E
2`

` E
0

`

dvzdv r

3 f ~v r ,vz!
l~u!

u3
~v02vz! ~5!

with

l~u!5
1

2
lnS bmax2

b'
2 11D . ~6!

Hereb'5Z/(4pu2) is the impact parameter for 90° deflec-
tion in the Coulomb potential,u25(v02vz)

21v r
2 the rela-

tive velocity and f (v r ,vz) the Maxwell distribution of the
plasma electrons. The stopping power can be calculated as
the sum of both contributions, Eq.~4! for b>r L and Eq.~5!
for b<r L . The separation in these two contributions is pos-
sible as long asr L!l holds.

III. REVIEW OF SOME ANALYTICAL APPROACHES

Before starting to present our numerical results, we want
to review the well known theories and point out some pecu-
liarities of the ion stopping in a strongly magnetized plasma.
As far as we know, these peculiarities do not appear to have
been previously recognized in literature.

A. Binary collision theory

An alternative approach to Eq.~4! for the calculation of
the stopping power is to look at the energy transferDE along
the characteristics of a test electron. Since velocity space is
one-dimensional, energy can be transferred only if an elec-
tron is reflected by the potential. This holds as long as the ion
is moving along theB-field. The energy transferred by a
reflected electron with impact parameterb and initial veloc-
ity vz is:

DE~b!52v0~v02vz!,~vz2v0!
2,22fmin~b!. ~7!

The stopping power is

2
dE

dz
52pNDE

2`

`

dvzf ~vz!
u

v0
E
0

`

bdbDE~b!, ~8!

where u5uv02vzu is the relative velocity andf (vz) is a
Maxwell distribution. We notice that Eq.~8! is exact, as far
as the exact expression for the potentialfmin(b) is known. In
conclusion, contrary to the three-dimensional case, stopping
is due only to collective effects. Since potential energy
humps (Vmax52fmin) can be induced only by clumps of free
plasma electrons, it isfmin(b)5fmin,ind(b).

B. Dielectric theory

The stopping power can be calculated via the induced
electric field at the position of the ion,]f ind /]z, as ex-
pressed in Eq.~4!. This approach is the starting point for any
mean-field theory, including the dielectric theory that will be
briefly discussed here. In the dielectric theory the Vlasov–
Poisson system~1!,~2! is linearized by assumingZ!1, and
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solved by using the Fourier and Laplace transform tech-
niques in space and time, respectively. The potential is

f~rW !5
Z

~2p!3
E d3k

exp~ ikW rW !

k2e~kW ,kWv0W !
, ~9!

wheree(kW ,v) is the dielectric function for a strongly mag-
netized plasma:

e~kW ,v0kz!511
1

k2 SXS v0kzukzu
D1 iYS v0kzukzu

D D , ~10!

X~s!512s expS 2s2

2 D E
0

s

dy expS y22 D , ~11!

Y~s!5Ap

2
s expS 2

s2

2 D . ~12!

In passing we remember that the solutions of the equation
e(kW ,v)50 are plasma modes. Plasma waves are excited for
kz,1 and for v0@1. The evaluation of Eq.~9! along the
z-axis (r50) leads to

f~z!5
Z

2p2zE0
`

dk

3k
~k21X~v0!!sin~kz!1Y~v0!~12cos~kz!!

~k21X~v0!!21Y2~v0!
. ~13!

The stopping power is

2
dE

dz
5

Z2ND

~2p!2
E
0

kmax
dkkE

21

1

duu ImS 1

e~k,kuv0!
D ,
~14!

where a cut-offkmax has been introduced to avoid the diver-
gence of thek-integral due to close collisions. This expres-
sion can be evaluated exactly in the one-dimensional case:

2
dE

dz
5
Z2ND

4p2 G~v0 ,kmax!, ~15!

where

G~w,kmax!5Y~w!S ln ~kmax!

1
1

4
ln

~11X~w!/kmax
2 !21Y~w!2/kmax

4

X2~w!1Y2~w!
D

2
X~w!

2Y~w!
S arctankmax2 1X~w!

Y~w!

2arctan
X~w!

Y~w!
D , ~16!

Since the stopping power in the strong magnetic field ap-
proximation is due only to the excitation of collective modes,
kmax'1 can be chosen for a positive ion. Electron plasma
modes withk.1 are strongly damped and can be neglected
in the dielectric approach. This is the opposite to the ion
stopping without an external magnetic field, where the large
angle deflections in the Coulomb potential produce density
perturbations on scales smaller thanlD . Notice that the di-

electric theory predicts a scaling of the stopping power as
Z2ND , for a given ion velocityv0 . In the limit of v0@1 Eq.
~14! can be calculated without the need of any cutoff. We
obtain:

2
dE

dz
5
Z2ND

8pv0
2 . ~17!

For the energy loss of a negative ion in a strong magnetic
field kmax51/b' must be set in order to treat the reflected
electrons.

C. An oscillator model for the stopping power

Whenv0@1, one can think that stopping power is due to
the excitation of undamped linear waves. The electrons,
moving in a strong magnetic field, react as one-dimensional
oscillators driven by the moving ion. The eigenfrequency of
the oscillators is the plasma frequency,v51. If j i is the
displacement along theB-field andF i the projection of the
force ~see also Ref. 10!, the equation of motion is

j̈ i1j i5F i ~18!

where

F i~ t,b!5
Z

4p

v0t1j i

~~v0t1j i!
21b2!3/2

.

The solution is

j i~ t,b!5E
2`

t

dt8F i~ t8,b!sin~ t2t8!. ~19!

The total energy gained by one single oscillator is

DE~b!5
1

2
~ j̇ i

21j i
2!u t→`5

1

2U E2`

`

dtFi~ t,b!exp~ i t !U2.
~20!

Equation ~20! can be calculated for small displacements
j i!1:

DE~b!5
Z2

4p2v0
4K0

2S bv0D . ~21!

For v0@1 the internal motion of the plasma electrons can be
neglected and Eq.~8! can be simplified in order to obtain the
stopping power:

2
dE

dz
52pNDE

0

`

bdbDE~b!5
Z2ND

8pv0
2 . ~22!

Equation~22! coincides with Eq.~17!, and gives the collec-
tive energy loss. For a negative ion the energy loss due to the
reflected electrons must be added.

IV. SCALING LAWS

Since no analytical solution can be given for the stop-
ping power whenZ>1, in this section we want to make
some simple estimates to obtain approximate scaling laws
for the stopping power in the form of2dE/dz;Za, in the
two limiting cases ofv0@1 andv0!1. As discussed in Sec.
III B, plasma waves are excited by fast ions. In this case the
dielectric theory could be used, which predicts aZ2 scaling
law for the stopping power. But, as a matter of fact this

794 Phys. Plasmas, Vol. 3, No. 3, March 1996 O. Boine-Frankenheim and J. D’Avanzo



scaling can be modified by nonlinear wave excitation. Since
the stationary state of the excited wave is determined only by
the trapped electrons,6 strong modifications of the dielectric
theory results are expected even forZ!1, contrary to the
three-dimensional case. A linearized theory cannot account
for trapped electron effects. In order to obtain the scaling law
for low velocities v0!1 we write Eq.~4! in terms of the
solution of the Poisson equation in the rest frame of the
projectile ion:

2
dE

dz
5ZNDE d3r 8

r 8Wv0W

v0

q~r 8!

~r 8!3
, ~23!

where q(r )512n(r ) is the total charge density of the
plasma. For small velocities the electron screening cloud
around the ion is ellipsoidal, shortened in the direction of ion
motion byl5v0!1.11,12This polarization effect causes the
stopping force on the slowly moving ion. On the other hand,
trapped electrons cause no polarization effect if the ion is
moving. If we assume for the plasma free electrons a Max-
wellian distribution, f (r ,vz)5(1/A2p)exp(2vz

2/21f) for
vz
2>2f, we get for the electron density

n~f!5exp~f!~12 erf~Af!!. ~24!

Near the core (r!1) the potential can be approximated by
the pure Coulomb potential,f'Z/(4pr )@1, and
n(r )'1/Apf holds. That is, in the stationary case the ve-
locity of the free electrons increases near the core~energy
conservation! and the density decreases. This means that the
plasma free electrons antishield the projectile~a discussion
of screening in a strongly magnetized plasma can be found in
Ref. 13!. Finally, in Eq. ~23! q;1, and we get simply
2dE/dz;Z, the stopping power scales linearly with the
perturbation forv0!1.

V. NUMERICAL RESULTS

In this section we present results obtained by solving
numerically the coupled drift kinetic Vlasov–Poisson system
~1!,~2! using a splitting scheme~Appendix A!, and compare
them with PIC simulations~Appendix B!. It is worth notic-
ing at this point that the results that will be presented in the
following concerning the PIC simulations refer to the very
strong nonlinear regime (Z.10), since for lowerZ the level
of numerical noise increases and becomes comparable with
the intensity of the perturbation. The reason is addressed to
the poor statistics in the phase space, which causes the loss
of some microscopic details, but nevertheless forZ.10 the
obtained stopping power shows good agreement with the
Vlasov simulations. This will be pointed out below. Vlasov
simulations, on the other hand, show very high resolution for
everyZ, the price to pay being a very high memory alloca-
tion and computer time. Since no particle transport exists
between differentB-field lines, the problem is ideal for par-
allel computing. Initially a Maxwell distribution is chosen
for the electrons. The projectile ion velocityv0 is held con-
stant during the interaction. Figures 1 and 2 show the stop-
ping power versus time forv054 respectively from the Vla-
sov (Z55) and from PIC (Z530) simulations. In both cases
the stopping power reaches an oscillating steady-state after

an initial transient which depends in general on bothZ and
v0 . The oscillating structure of the stopping power is found
to be a global characteristic for the problem under consider-
ation, due to electrons trapped in the potential troughs ex-
cited by the projectile. The PIC simulations cannot resolve
these details~Fig. 2!. The frequency of these oscillations is
directly related to the bounce frequency of the electrons
trapped in the potential energy minima behind the ion. This
is demonstrated in Fig. 3, where the contour plot of the elec-
tron distribution function is shown forr50.2 at different
time steps. HereZ55 andv054. The time step is equal to
half of the oscillation period of the stopping power seen in
Fig. 1. The closed loops atz'240 and z'270 around
v05vz54 represent electrons trapped in the excited wave
field. ~We remind that since the distribution function is not
stationary in time, the contour lines cannot be directly related
to the electron trajectories in thez2vz phase space.! Notice
that the rotation frequency of the centers of the closed loops
about each other is the same as half the oscillation frequency
of the stopping power shown in Fig. 1. Att'90 the centers
of the closed loops are nearly on a vertical line, while at
t'105 they are on a horizontal line. This leads to oscilla-
tions of the density in the frame of the ion and so of the
stopping power. The PIC code is unable to resolve these

FIG. 1. The stopping power as a function of time forZ55, v054 from
Vlasov simulations.

FIG. 2. The stopping power as a function of time forZ530, v054 from
PIC simulation.
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details due the poor statistics in the phase-space regions
where particle trapping occurs. In these regions, which are
crucial for the problem considered in this work, PIC simula-
tions lack an adequate number of simulation particles to dis-
play the distribution function~see, for example, Ref. 14,
where, however, no explicit comparison between the two nu-
merical approaches have been made!. Figure 4 shows results
from our simulations for the normalized stopping power
(dE/dx)/(Z2ND) versusv0 , compared with both the dielec-

tric theory and the oscillator model. Results for
Z50.1, 1, 5 are obtained with the Vlasov simulations, while
Z530 are PIC results. Here we have defined the stopping
power as the mean value in time. Within the dielectric theory
the normalized stopping force is independent ofZ for a given
velocity v0 , as shown in Sec. III B. The simulations show
that this is not the case. ForZ50.1 andv0,4 the stopping
power can be approximated by Eq.~15! if we choose
kmax52. For increasingZ and forv0<4 the normalized stop-
ping power is considerably lower than the result predicted by
the dielectric theory. In this regime it is not possible to fit the
stopping power by using aZ dependentkmax in the dielectric
theory. On the other hand, forv0.4 the normalized stopping
force lies slightly higher than predicted by the dielectric
theory or oscillator model. This is due to the excitation of
nonlinear plasma waves. Figure 5 shows the resulting scaling
of the stopping power inZ. Notice that forv051 we obtain
the linearZ scaling, as described in detail in the previous
section, even forZ,1. Increasing the velocity we recover
theZ2 scaling. To improve our understanding on the nonlin-
ear stopping power it is worth performing a detailed study of
the nonlinear electrostatic potential excited by the projectile.
In Fig. 6 the wake field~divided byZ! obtained from Vlasov

FIG. 3. Contour plots of the electron distribution functionf (r50.2,z,vz)
for Z55 andv054 at different times.

FIG. 4. Comparison of the normalized stopping power~i.e. divided by
Z2ND) for Z50.1, 1, 5, 30 with the oscillator model and the dielectric
theory @kmax52 is set in~15!#.

FIG. 5. The scaling of the normalized stopping power2dE/dz;Za for
different v0 .

FIG. 6. The total potential divided byZ along thez-axis as calculated from
the Vlasov simulation forv053 andZ50.1, 1, 5 in comparison with the
dielectric theory.
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simulations forv053 is shown along thez-axis for different
values ofZ. We see that the higher the perturbation, the
lower the scaling of the induced potential inZ in comparison
with the dielectric theory. Only forZ50.1 the first wave
hump agrees with the dielectric calculation. Figure 7 shows
the wake field forZ55, v053 compared with the dielectric
theory Eq.~13!, always from Vlasov simulations. The ion
excites behind itself aperiodic modes in this velocity region.
This is due to the absence of a linear damping mechanism.
The waves are ‘damped’ because of the electrons trapped in
the excited waves, leading to a steady-state Bernstein–
Green–Kruskal~BGK! like wake field.15 Increasing the ion
velocity (v0>4), the wake field amplitudes become much
higher than predicted by the dielectric theory. Figures 8 and
9 show the ion wake field forv054 andv055, where we
notice that the absence of an effective damping mechanism
due to trapped electrons, which decrease for increasing ve-
locity, leads to a slightly higher stopping power as compared
to the linear theory. The potential obtained by the Vlasov
simulations shows also a potential energy hump in front of
the ion. This is due to the reflection of electrons by the first
wave maximum. The wave field acts like a small piston mov-

ing through the plasma. The PIC code is not able to repro-
duce these features~Fig. 10!, but the lower damping of the
wake field can be clearly seen. It is worth reminding that all
these results are not stationary solutions, since a strongly
magnetized plasma cannot reach an asymptotic stationary
configuration because of the one-dimensional phase space.

VI. SUMMARY AND CONCLUSIONS

The energy loss of heavy ions moving in a classical,
collisionless and strongly magnetized plasma has been stud-
ied numerically both within the framework of the drift ki-
netic Vlasov–Poisson system and Particle-in-Cell simula-
tion. We find that for velocitiesv0<4 the dependence of the
stopping power withZ is always weaker than predicted by
the usual dielectric theory, even forZ,1. Our results show a
scaling as'Z1.15 for v051 instead of theZ2 scaling of the
dielectric theory. The lower scaling inZ is due to nonlinear
plasma phenomena and can be explained using simple argu-
ments. ForZ!1 the stopping power can be fitted by the
dielectric theory if aZ-dependentkmax is used. In the veloc-
ity region v0.4, on the other hand, the wake field and the
stopping power are slightly higher than in the dielectric

FIG. 7. The total potential divided byZ along thez-axis as calculated from
the Vlasov simulation forZ55 andv053 in comparison with the dielectric
theory.

FIG. 8. The total potential divided byZ along thez-axis as calculated from
the Vlasov simulation forZ55 andv054 in comparison with the dielectric
theory.

FIG. 9. The total potential divided byZ along thez-axis as calculated from
the Vlasov simulation forZ55 andv055 in comparison with the dielectric
theory.

FIG. 10. The electric field divided byZ along thez-axis as calculated from
the PIC simulation forZ530 andv054 in comparison with the dielectric
theory ~dashed line!.
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theory or the oscillator model, but the scaling withZ2 is
recovered. For allZ we find that the stopping power reaches
a steady-state due to the electrons trapped in the excited
wake field. This steady-state is oscillating in time with a
period which is the bouncing period of the trapped electrons,
and is found to increase with the ion velocity. For ion veloci-
ties which correspond to an efficient trapping process
(v0'3), BGK like modes are excited by the ion, while for
higher velocities (v0.4), when trapping of electrons is less
efficient, ions excite large amplitude plasma waves. The
strongly enhanced wake field as compared to the dielectric
theory is important for the determination of the ion-ion cor-
relations in an electron cooler. We expect that ions with
v0.4 can interact strongly since the amplitudes of the ex-
cited waves are large.
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APPENDIX A: VLASOV SIMULATIONS

The time dependent Vlasov–Poisson system is solved
numerically for an ion moving with the constant velocity
v0 through a cylindrical box with a total lengthL and radius
R. We use for the projectile the smoothed potential
f0(r )5Z/(4pr ) erf(r /bc) with bc!1. The use of such a
smoothed potential takes into account the finite grid size. The
smoothing factorbc is sufficiently low if the total stopping
power as a function ofbc becomes stationary. This has been
extensively tested. A sufficient lowbc also implies that the
shape of the total potential stays constant for lowerbc and
that for r→bc the Coulomb potential is recovered. The spa-
tial grid is chosen such thatdr,dz<bc . Typical values
(Z51) are bc50.2, dr,dz50.15. In order to resolve the
excited wake fieldL@l andR@1 (lD) must hold. In the
simulationL5600lD andR518lD is chosen. Concerning
the parameters in velocity space, there are two main require-
ments. The first is to resolve the Maxwell distribution and
the oscillations of electrons in the wake field. The second
requirement is to resolve the maximum velocity of the elec-
trons for r'bc . In the simulation dvz ,dv r50.125,
vmax56 is set. Initially a Maxwellian distribution is chosen
for the electrons. The Vlasov–Poisson system is advanced
using the well known method of fractional steps first de-
scribed in Ref. 16. This method has been used successfully
for the simulation of nonlinear plasma phenomena in two
and three phase-space dimensions~see for example Refs. 14,
17, and 18! and can easily be implemented on parallel com-
puters. Let us definetn5nDt andtn11/25(n1 1

2)Dt. At each

time step the calculation of the distribution function
f (r ,z,vz ,t) is performed through two main steps:

Step 1:

f 1~r ,z,vz ,tn11/2!5 f S r ,z2vz
Dt

2
,vz ,tn11/2D ;

Step 2:

f 2~r ,z,vz ,tn11/2!5 f 1~r ,z,vz1Ez~ tn11/2!Dt,tn11/2!.

Performing Step 1 a second time leads to the complete time
step. The interpolation is done using an off-center three point
interpolation.19 The Poisson equation is solved at time
tn11/2 using a Fast Fourier Transform~FFT! in the
z-direction, solving the resulting tridiagonal systems and
then performing the inverse FFT. Periodic boundary condi-
tions are used atz50,L. At r50,R reflecting boundary con-
ditions are used for the Vlasov equation and for the Poisson
equationf(R)50 is set. The total number of grid points
used isNr3Nz3Nvz

5120340003100. The code is imple-
mented on workstation clusters. This is done by using a
master-slave scheme. The phase space is divided into equal
partitions along ther -axis. Every slave process handles only
one such partition. Before Step 2, the charge density is cal-
culated locally and sent to the master process which solves
the Poisson equation. The master sends the calculated poten-
tial back to each slave. The public domain software PVM
~Parallel Virtual Machine! is used as a message passing li-
brary.

APPENDIX B: PIC SIMULATIONS

Our PIC simulation is based on the standard technique of
solving the classical equations of motion within a leapfrog
method in anr2z geometry ~see for example Ref. 20!,
coupled with a Poisson solver.21 The ‘area weighting’ tech-
nique is used to deposit the charge on the four nearest grid
points in order to obtain the spatial distribution of the simu-
lation particles on ther2z mesh. In the PIC simulation we
chooseL'200lD andR518lD , anddz,dr50.15 as in the
Vlasov simulations.
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