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Shell model with residual interaction

Start with 2-particle system, that is a nucleus „doubly magic nucleus + 2 nucleons“

Consider two identical valence nucleons with j1 and j2

Two questions:
What total angular momenta j1 + j2 = J can be formed?

What are the energies of states with these J values?

𝐻𝐻 = 𝐻𝐻0 + 𝐻𝐻𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟
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Experimental single-particle energies

208Pb → 209Bi   
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Experimental single-particle energies

208Pb → 207Pb   
Elab = 5 MeV/u
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Experimental single-particle energies
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Level scheme of 210Pb
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Coupling of two angular momenta

j1+ j2 all values from:    j1 – j2   to   j1+ j2 (j1 = j2)

Example: j1 = 3, j2 = 5:   J = 2, 3, 4, 5, 6, 7, 8

BUT:   For j1 = j2:      J = 0, 2, 4, 6, … ( 2j – 1)     (Why these?)
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Coupling of two angular momenta

How can we know which total angular momenta J are observed for the coupling of two 
identical nucleons in the same orbit with angular momentum j?  

Several methods: easiest is the “m-scheme”.
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Coupling of two angular momenta



Hans-Jürgen Wollersheim - 2020

Residual interaction - pairing

 Spectrum of 210Pb: 82
208𝑃𝑃𝑃𝑃126 core + 2 neutrons

(two unpaired nucleons)

 Assume pairing interaction in a single-j shell

For the ground state the energy eigenvalue is none-zero;
all nucleons paired (ν=0) and spin J=0.

 The δ-interaction yields a 
simple geometrical expression  
for the coupling of two nucleons 0
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Pairing – δ-interaction

wave function:

interaction:

with

and

A. de-Shalit & I. Talmi: Nuclear Shell Theory, p.200

∆𝐸𝐸 𝑗𝑗1𝑗𝑗2 𝐽𝐽 = 𝑗𝑗1𝑗𝑗2 𝐽𝐽𝑀𝑀 𝑉𝑉12 𝑗𝑗1𝑗𝑗2 𝐽𝐽𝑀𝑀 =
1

2𝐽𝐽 + 1
𝑗𝑗1𝑗𝑗2 𝐽𝐽 𝑉𝑉12 𝑗𝑗1𝑗𝑗2 𝐽𝐽

𝜑𝜑 𝑛𝑛𝑛𝑛𝑛 =
1
𝑟𝑟 𝑅𝑅𝑝𝑝𝑛 𝑟𝑟 � 𝑌𝑌𝑛𝑚𝑚 𝜃𝜃,𝜙𝜙

𝑉𝑉12 𝛿𝛿 =
−𝑉𝑉0
𝑟𝑟1𝑟𝑟2

𝛿𝛿 𝑟𝑟1 − 𝑟𝑟2 𝛿𝛿 𝑐𝑐𝑐𝑐𝑐𝑐𝜃𝜃1 − 𝑐𝑐𝑐𝑐𝑐𝑐𝜃𝜃2 𝛿𝛿 𝜙𝜙1 − 𝜙𝜙2

Δ𝐸𝐸 𝑗𝑗1𝑗𝑗2 𝐽𝐽 = −𝑉𝑉0 � 𝐹𝐹𝑅𝑅 𝑛𝑛1𝑛1𝑛𝑛2𝑛2 � 𝐴𝐴 𝑗𝑗1𝑗𝑗2 𝐽𝐽

𝐹𝐹𝑅𝑅 𝑛𝑛1𝑛1𝑛𝑛2𝑛2 =
1

4𝜋𝜋�
1
𝑟𝑟2 𝑅𝑅𝑝𝑝1𝑛1

2 𝑟𝑟 𝑅𝑅𝑝𝑝2𝑛2
2 𝑟𝑟 𝑑𝑑𝑟𝑟

𝐴𝐴 𝑗𝑗1𝑗𝑗2 𝐽𝐽 = 2𝑗𝑗1 + 1 � 2𝑗𝑗2 + 1 �
𝑗𝑗1 𝑗𝑗2 𝐽𝐽

1/2 −1/2 0

2
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δ-interaction (semiclassical concept)

θ 2j


1j


J
 θ = 00 belongs to large J, θ = 1800 belongs to small J

example ℎ11/2
2 : J=0  θ =1800, J=2 θ ~1590, J=4   θ ~1370, 

J=6  θ ~1140,   J=8 θ ~ 870,    J=10 θ ~ 490

𝐽𝐽2 = 𝑗𝑗12 + 𝑗𝑗22 + 2 𝑗𝑗1 𝑗𝑗2 𝑐𝑐𝑐𝑐𝑐𝑐𝜃𝜃

𝑐𝑐𝑐𝑐𝑐𝑐𝜃𝜃 =
𝐽𝐽2 − 𝑗𝑗12 − 𝑗𝑗22

2 𝑗𝑗1 𝑗𝑗2
=
𝐽𝐽 𝐽𝐽 + 1 − 𝑗𝑗1 𝑗𝑗1 + 1 − 𝑗𝑗2 𝑗𝑗2 + 1

2 𝑗𝑗1 𝑗𝑗1 + 1 𝑗𝑗2 𝑗𝑗2 + 1

𝑐𝑐𝑐𝑐𝑐𝑐𝜃𝜃 ≅
𝐽𝐽2 − 2𝑗𝑗2

2𝑗𝑗2 𝑓𝑓𝑐𝑐𝑟𝑟 𝑗𝑗1 = 𝑗𝑗2 = 𝑗𝑗 𝑎𝑎𝑛𝑛𝑑𝑑 𝑗𝑗, 𝐽𝐽 ≫ 1

𝑐𝑐𝑠𝑠𝑛𝑛𝜃𝜃 = 1 − 𝑐𝑐𝑐𝑐𝑐𝑐2𝜃𝜃 =
𝐽𝐽
𝑗𝑗 1 −

𝐽𝐽2

4𝑗𝑗2

1/2

𝑐𝑐𝑠𝑠𝑛𝑛
𝜃𝜃
2 = 1 − 𝑐𝑐𝑐𝑐𝑐𝑐𝜃𝜃 /2 1/2 = 1 −

𝐽𝐽2

4𝑗𝑗2

1/2

𝑗𝑗 𝑗𝑗 𝐽𝐽
1/2 −1/2 0

2
≈ 1 −

𝐽𝐽2

4𝑗𝑗2
1
𝜋𝜋

1

𝐽𝐽𝑗𝑗 1 − 𝐽𝐽2
4𝑗𝑗2

1/2
=

𝑐𝑐𝑠𝑠𝑛𝑛2 𝜃𝜃/2
𝜋𝜋 � 𝑗𝑗2 � 𝑐𝑐𝑠𝑠𝑛𝑛𝜃𝜃 =

𝑡𝑡𝑎𝑎𝑛𝑛 𝜃𝜃/2
𝜋𝜋 � 𝑗𝑗2
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Pairing δ-interaction
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δ-interaction yields a simple geometrical explanation for 
Seniority-Isomers:

∆E ~ -Vo·FR· tan (θ/2)
for T=1, even J

energy intervals between states  0+, 2+, 4+, ...(2j-1)+ decrease 
with increasing spin.
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The 100Sn / 132Sn region, a brief background
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The 100Sn / 132Sn region, isomeric states
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Isomeric states in 106Sn – 112Sn

106Sn
0+

2+

4+

6+

1207

812.1

304.1

0

1207

2019.1

2323.6

T1/2 = 2.8(5) ns

108Sn
0+

2+

4+

6+

1206.4

905.1

253.6

0

1206.4

2111.5

2365.1

T1/2 = 7.4(4) ns

110Sn
0+

2+

4+

6+

1211.6

984.6

280.8

0

1211.6

2196.2

2477.0

T1/2 = 5.6(4) ns

112Sn
0+

2+

4+

6+

1256.6

990.6

301.7

0

1256.6

2247.2

2548.9

T1/2 =13.8(4) ns

T1/2 = 4 hT1/2 = 10.2 mT1/2 = 115 s

T1/2= 0.35 ps

Bexp(E2,6+->4+) =  0.49(+-0.02)  W.u
Bexp(E2,2+->0+) =  16.0 W.u
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Generalized seniority scheme

Seniority quantum number ν is equal to the number of unpaired particles in the jn configuration, 
where n is the number of valence nucleons.

E2 transition rates:

Sn isotopes

≈ Nparticles*Nholes

𝐵𝐵 𝐸𝐸2; 𝐽𝐽𝑟𝑟 → 𝐽𝐽𝑓𝑓 =
1

2 � 𝐽𝐽𝑟𝑟 + 1
� 𝐽𝐽𝑓𝑓 𝑄𝑄 𝐽𝐽𝑟𝑟

2

𝑗𝑗𝑝𝑝 𝐽𝐽 = 2 𝑄𝑄 𝑗𝑗𝑝𝑝 𝐽𝐽 = 0 2 =
𝑛𝑛 � 2𝑗𝑗 + 1 − 𝑛𝑛

2 � 2𝑗𝑗 − 1 � 𝑗𝑗2 𝐽𝐽 = 2 𝑄𝑄 𝑗𝑗2 𝐽𝐽 = 0 2

=
2𝑗𝑗 + 1 2

2 � 2𝑗𝑗 − 1 � 𝑓𝑓 � 1 − 𝑓𝑓 � 𝑗𝑗2 𝐽𝐽 = 2 𝑄𝑄 𝑗𝑗2 𝐽𝐽 = 0 2 𝑓𝑓 =
𝑛𝑛

2𝑗𝑗 + 1 → 1 𝑓𝑓𝑐𝑐𝑟𝑟 𝑙𝑙𝑎𝑎𝑟𝑟𝑔𝑔𝑙𝑙 𝑛𝑛

𝐵𝐵 𝐸𝐸2; 21+ → 01+ ≈ 𝑓𝑓 � 1 − 𝑓𝑓
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