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Collective rotation
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How do nuclel rotate?

3
symmetry axis

: 3. )2
energy spheroid E = i
izzll 2-3,

The nucleus rotates as a whole.
(collective degrees of freedom)

The nucleons move independently
inside deformed potential (intrinsic degrees of freedom)

The nucleonic motion is much faster
than the rotation (adiabatic approximation)
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Oblate and prolate quadrupole deformation

Choosing the vertical axis as the 3-axis one obtains the oblate by R, = R, > R,
and the prolate by R, = R, < R; axially-symmetric quadrupole deformations

+1
R(9’¢): Ro '{1"'2 Za@ 'Yz; (9’¢)} QAyo = P - cosy Aoy = Upy_p = \/—15 - p - siny
A pu=—a1

R(9,¢)=Ro'{1+ﬂ-COSV-Y20(9,¢)+%-ﬂ-Sin y-[v22<e,¢>+v“<e,¢)]}

oblate deformation (f<0) prolate deformation (>0)

Hill — Wheeler introduced the (8, y) - parameters
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Nuclear deformation

1
(9¢ 1+Z Zaﬂﬂ Iy 9¢) a9 = f - cosy a22=a2_2=ﬁ-ﬁ-siny

A pu=—A1
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The Euler angles

@ It Is important to recognize that for nuclei the intrinsic reference frame can
have any orientation with respect to the lab reference frame as we can hardly
control orientation of nuclei (although it is possible in some cases).

@ One way to specify the mutual orientation of two reference frames of the
common origin is to use Euler angles.

(X, Y, z) axes of lab frame
(1,2,3) axes of intrinsic frame

@ The rotation from (x,y,z) to (X",y",2")
can be decomposed into three parts:
a rotation by ¢ about the z axis to
(x",y",2"), a rotation of 0 about the
new y axis (y") to (X", ¥",z"), and
finally a rotation of y about the new

z axis (2") .
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states: |[I,M,K >

laboratory axes: |J,,Jy] =i- & -J, and cyclic permutations

[J2,3,]=0 k=x,Y,z2

quantum numbers:j, = h-M J*— h*-I(I+1)

body fixed axes: [J,,/,] =i-#h-J; andcyclic permutations

[J%,J]=0 i=123 [J, J,]=0

guantum numbers: j; > A-K J? — h%-I(I + 1)
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eigenstates: |I,M,K >

probability amplitude

1/2
for orientation of rotor: <w,0,¢|1,M,K >= (28:7:21] D, (v,0,9)

Wigner D —function D! (v,0,4)=e™d! (6)e™’
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Rotational motion of a deformed nucleus

3 P2 |§2 _ |§2 52 The nucleus does not have an
Ho= S =g a
rot — _ . - .

orientation degree of freedom with
respect to the symmetry axis

States with projections K and —K are degenerated

2.1 +1\" )
Wik Z(Wj '[DI:AK'ZK"'(_]-)I KDI:/I—K'Z—K:I 4J

If the total angular momentum results only from the rotation (J = R), one obtains for the rotational
energy of an axially symmetric nucleus by

Spin/parity I* [ 07 | 27 | 47 | 67 | 8"
Erot:E°l'(l +1) PR Ipart
Energy E | 0 | 612|202 | 222 | 7212
E(4;) E-/Ex |0 1 /33| 7 | 12
2= gy T3
(2,)
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Broad perspective on structural evolution:
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Rotational motion of a deformed nucleus
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Rotational frequency
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Moment of Inertia
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Rigid body moment of inertia: -

3y = m'r )-r’drsin@dédg
irrotational

Hquid
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Irrotational flow moment of inertia:
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Moment of Inertia
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Reduced transition probability

expectation value <M ,',?f’> = I‘P Mg o7
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Reduced transition probability

21 +1
21, +1

<IfoO‘I\7IIIrib

|i|v|io>= (i, (M, =M1, )11 00 |fo)-<;(0\|\7||‘g“

)

Wigner-Eckart-Theorem (reduction of an expectation value).
(LM (M, =M, 1, M)
21, +1

<|f|\/|fo\|\7||';b|i|v|io>= -<|foH|\7||'ab

|io>

(I,0IM(E®)|I;0) = /2I; + 1 - (1;£00]10) - {xo|M}5"" | x0)

special case: E2 transition 1—1-2
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Electric fields of multipoles

In general the electric potential due to
an arbitrary charge distribution is

oo = [[] e P =3

expansion

-3 REeT +1Z (30) Y1(9.¢)

\r—r\ =

multipole moments
“(I,m) “.J.pp Y (9, ')

special case: electric quadrupole matrixelement M*(£ =2,m) = p,(") fﬂ r'2r'2dr'Yy,, (9, ")dQ'

M*(¢ =2,m) = p”(r’)

H{Ro(l + B2Y20) Yo dQY'

M*(¢ = 2,m) = p”(

R(S)j (145 B2Y20)Y7mdQ

3-Z-e-Rj
4.1 z
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Reduced transition probability @
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Hydrodynamical model

2,24
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Hydrodynamical model

2\? )2
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Matrixelements

15 |U+K-1D-U+K)-U-K—-1)-I-K)
321 I-1)-QI—=1)-1 '

5 3:-U+K)-(I—-K)-K?
(I - 1L,KIM(E)IILK) = - jm—n J E,fl)), ,(,(, +)1) - Qze

Qe

(I —2,K||M(E2)||II,K) =\/

(LK|IME|IK) = - > al+1 (12 =3K2+1)-Q,e
’ T e |QI=1)-1-(T+1)- (21 +3) 2
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Y246, p)f

Y26, )

Y46, p)F

Spherical harmonics

Yoo (6, 8)=
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1/ .sin @-e*

Y,o(6,6)= | —— (3 cos? 0—1)
-sin -cos@-e™*
-sin?6-e*
(ZCos 0 —3cosdsin’ 0)
(4cos @sin @ —sin 6?)
.cos@sin? 4-e"

-Sin He
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