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Nuclear shell model

The nucleon building blocks...
Name  up quark (u) down quark (d)

mass (MeV) 1.7 -3.1 4.1-5.7
charge (e) +2/3 -1/3
spin 1/2 1/2
The nuclear building blocks...
Name neutron proton
mass (MeV) 939.565378(21) 938.272046(21)
charge (¢) 0 1
constituents 2d + 1u 2u+ 1d
= 1 /2+ 1 / 2+

@ G) @ @
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Themes and challenges in modern science

» Complexity out of simplicity — Microscopic

How the world, with all its apparent complexity and diversity can be constructed
out of a few elementary building blocks and their interactions

individual excitations
of nucleons

Kd i
> Simplicity out of complexity — Macroscopic

How the world of complex systems can display such remarkable regularity and
simplicity

vibration

rotation

fission
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The nuclear force

Neutron Proton

The nuclear force is short-range (nuclear mass), but
does not allow for compression of nuclear matter.

Yukawa — potential:

mC
”)-T

1 _
Vo(r)=gs-;-e ( h

O) y p X Proton Neutron

too close - repulsion T[

@ too far - no attraction

energy G
m optimal distance
M(z) = 140 MeV/c?
interatomic distance —— m(e) = 500-600 MeV/ c?

M(w) = 784 MeV/c?
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Deuteron

Possible combinations of the spins and the relative orbital angular momenta:

s, and’s, parallel and £ = 0 * 4
Sp and s, antiparallel and £ =
The nuclear force is

spin dependent !

s, and’s, parallel and £ = 1

S, ands, parallel and £ = 2 * 4

The measured nuclear spin of the deuteron is J=1 (fz) =J-( + 1)h? experiment !

Parity of the deuteron:

Properties of the emitted gamma radiation following neutron capture on proton results, that
the parity of the deuteron is positive (x = +1).

Properties of the spherical harmonics for the parity are (-1)*= +1 and hence  experiment !
only even angular momenta of £ =0 and £ = 2 can occur.
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Deuteron: magnetic moment

* The measured nuclear spin of the deuteronisJ =1
* The parity of the deuteron is positive, only even angular momenta € =0 and £ =2 .
* The magnetic moment of the deuteron, which can be determined by e.g. nuclear magnetic resonance (NMR),

results to: |x=0.8574- 1,

The gyromagnetic factor g is the proportionality constant between the magnetic moment of a particle and the spin (in
case of the deuteron angular momentum g = 1):

SEQ'HK'§

,u g2mpc

the nuclear magneton

S denotes the spin operator and pyx = 2-my, ¢

For a point-like proton (s=1/2) one expects g = 2. The inner structure of a proton (uud) and neutron (udd) shows in the
experimental values groon = 5 5857, g_neutron = _3 8261

For a parallel alignment of the nucleon spin S = 1 and an assumed angular momentum of £ = 0 or £ = 2 one obtains for
the sum of the magnetic moment for proton and neutron

Weceron —%{(9§r°t°"+g;‘w”"")-(]-(/+1)—{’-({’+1)+5-(5+1))+].(]+ D+£-E+1)-S-(S+1)
1 moset , The wave function of the deuteron consists of
roton
ludeuteron 1/2 (gp + gneutron) = 0.88 96% Of the E - 0 state and
p=TE=2S=1 /4 (3 — gPTOton — gneutron) — 031 | 4% of the £ = 2 state
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Deuteron: quadrupole moment

* The measured nuclear spin of the deuteronisJ =1
* The parity of the deuteron is positive, only even angular momenta £ =0 and £ =2 .

» The magnetic moment of the deuteron yields to x=0.8574- 1, The angular momentum has to 4% the value of ¢ =2

* The deuteron is not spherical.
It has an experimentally determined quadrupole moment of Q = 0.00282 eb.

A free neutron and a free proton have no electric quadrupole moment.

The deuteron can only possess a quadrupole moment because of its angular momentum of £ = 2.
Qzz = fp(F) 12 (3 cos?0 — 1)dr

A pure £ = 0 wave function has a vanishing quadrupole moment, because of its rotational symmetry.

The nuclear force is spin dependent !

The nuclear forces must raise a torsional moment, that depend on the radius r and the angle 6 .

If the nuclear force depends on r and @, then there is a non-central force componenta | €NSOI force
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Structure of the nuclear force

Structure of the nuclear force is more complex than e.g. Coulomb force. It results from its
structure as residual interaction of the colorless nucleons.

central force V(r)

results from deuteron properties (96% S, state) 25+,

spin dependent central force
results from neutron-proton scattering (spin-spin interaction)

not central tensor force

results from deuteron properties (4% 3D, state) 25+1, ;

spin-orbit (£-s) term
results from scattering of polarized protons (left/right asymmetry)

V(r) =Vo(r) central potential
1 L .
+Ves(r) - 5755 - 72 spin-spin Interaction
3 (s-X)(s;-%) _, _,
+Vr(r) -3 3 ) ~5-5,  tensor force
V(1) - (57 +55) - ¢ = spin-orbit interaction
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Structure of the nuclear force

1
: : — (™) = 1) s=0,0=1
¢ spin-spin force: ﬁ(l )
~ B sdiiradyi Y different eigenvalues for 1 B _
Vss (7‘) S1-S2 /h triplet and singlet states 1) V2 (I +1ID) 1wy s=1.0=0
% tensor force: X
1
3 (57:-%)(s;-xX) _, _,| smalldeformation of deuterium N ¢ tot
~Vr (1‘) . ﬁ r2 — §1 S22 | maximum magnetic dipole moments X :f ? 9

attractive repulsive

s [-s coupling:

2 o scattering of protons on polarized protons
~Vis(r) - ({) S ) asymmetry of counting rates
left scattering: -5 > 0
- right scattering: -5 < 0

€-s coupling:
- no net contribution in the center of nucleus 1 dp
- radial dependence at the surface of the nucleus Ves(r) o - —=
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Many-body forces
First Quarter

Sun
. Tidal bulge
from sun

I\'n-:lal bulge
froam mwon
Mew hoon Sun
The force on one nucleon does not only depend on
the position of the other nucleons, but also on the e
distance between the other nucleons! These are forces

called many-bOdy forces. tidal effects lead to 3-body forces

in earth-sun-moon system

Remember: Nucleons are finite-mass composite particles, can be excited to resonances. Dominant contribution A(1232 MeV)

-
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The Fermi gas model
/
s | Wial
-7 1
- | neutrons protons

—
I —

neutron potential /A
b b0
Vi 40 eV < 2 | | e be | |2
KX X2
BEEE |
\ A 4 S——

The Fermi gas model assumes that protons and neutrons are moving freely within the
nuclear volume. They are distinguishable fermions (s = %2) filling two separate potential
wells obeying the Pauli principle (1|-pair).

*  The model assumes that all fermions occupy the lowest energy states available to them to
the highest occupied state (Fermi energy), and that there is no excitation across the Fermi
energy (i.e. zero temperature).

o The Fermi energy is common for protons and neutrons in stable nuclei.

« If the Fermi energy for protons and neutrons are different then the B-decay transforms one

type of nucleons into the other until the common Fermi energy (stability) is reached.
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Number of nucleon states

P, 4
Heisenberg Uncertainty Principle: Ax - Ap > %h :

The volume of one particle in phase space: 2 - h

The number of nucleon states in a volume V:

n_ffd3rd3p _ V-4nf:m“xp2 dp
- @2m-h)3 (2m - h)3

states in phase space

At temperature T =0, i.e. for the nucleus in its ground state, the lowest states will be filled
up to the maximum momentum, called the Fermi momentum p.. The number of these states
follows from integration from 0 to p,« = Pr-

V-anm [T p2dp v -4n-p} V- p
= = e d =
n 21 - h)3 21 - h)3 -3 = eneh3

Since an energy state can contain two fermions of the same species, we can have

V- (@h? V- (pp)’
trons: N = L \PF)” Lz =L \PF)
neutrons 37273 protons: Z = 372H3

pr is the Fermi momentum for neutrons, p}? for protons
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Fermi momentum

m am am
UseR =1y A3 fm .&: V=?R3=—r§’-A

3

The density of nucleons in a nucleus = number of nucleons in a volume V:

V- pp 4
n=2-6n2h3=2-?r0 A

\ two spin states Qé

\J

pr  4Ars - pi
6m2h3  9m hS

Fermi momentum p:
6n2hdn\"®  (9nnd n\"®  (9m-n\'"?
=) =Ca) () %

After assuming that the proton and neutron potential wells have the same radius, we find for
a nucleus with n = Z = N = A/2 the Fermi momentum pe.

1/3
O h
Pr = Df = pl{f =|— -— = 250 MeV /c The nucleons move freely inside
8 To the nucleus with large momenta
2
Fermi energy: Ey = Z:f ~ 33 MeV My, = 938 MeV/c?  the nucleon mass
N
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Nucleon potential

The difference B” between the top of the well and

Proton on - . - —E
potential—-" | the Fermi level is the average binding energy per
| nucleon B/A=7 -8 MeV.
Neutron :Protons Neutrons : B’
potential | -0—O- =0 ) )
| 58 5B — The depth of the potential V, and the Fermi
0> 00 EE [ER energy are independent of the mass number A:
| O—0O 00 :
B oo Vo = Ep + B = 40 MeV

Heavy nuclei have a surplus of neutrons. Since the Fermi level of the protons and neutrons in
a stable nucleus have to be equal (otherwise the nucleus would enter a more energetically
favorable state through B-decay) this implies that the depth of the potential well as it is
experienced by the neutron gas has to be larger than of the proton gas.

Protons are therefore on average less strongly bound in nuclei than neutrons. This may be
understood as a consequence of the Coulomb repulsion of the charged protons and leads to an
extra term in the potential:

a - hc

Ve=(0Z-1)

Protonen: 33MeV + 7MeV, Neutronen: 43MeV + 7 MeV
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The Fermi gas model and the neutron star

Assumption: neutron star as cold neutron gas with constant density
- 1.5 sun masses: M = 3-10%0 kg (m,, = 1.67-10-?" kg), number of neutrons: n = 1.8-10%’

Fermi momentum p, for cold neutron gas:

1/3
O - n / h _ _
Dr = . — R is the radius of the neutron star

4 R

Average kinetic energy per neutron:
3 p2 (9n-n>2/3 32 1 C

<Ekin/ > — . — . .
NI 5 2my 4 10 -my R? R?
Gravitational energy of a star with constant density has an average potential energy per neutron:

. . 2
3 Gnmy D g ™

<Ep0t/ >=__. = k 2
N 5 R R g:s

Minimum total energy per neutron:

d d
ar \E/N) = ﬁREkin/N) +(Epoc/N)] = 0

drc _Dy__ 20 D _
E[ﬁ_ﬁ T TR RS
2C n? - (9m/4)%/3
e J— - R =
D G - my - ni/3
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B/A (MeV per nucleon)

Shell structure Iin nuclel

Deviations from the Bethe-Weizsacker mass formula:
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Shell structure Iin nuclel

«  deviations from the Bethe-Weizsacker mass formula: large binding energies

12.00 AMEQ3 — Weizsaecker

-

J 208p|y
i
I ¥~ 1325 =
w 44
: 28
20
-4.54I il g
[

O —

Z0 2B 40 &g 22 126
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S,, = BE(N,Z) — BE(N — 2,7)

2-neutron binding energies = 2-neutron “separation” energies

N =82

S(2n) MeV

88 92 96

Neutron Number
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Shell structure Iin nuclel

_S. Rallmanlet a].l. Atc;tmic JIZJata I& Nu'lzlearlDatalTabEles ?8.’ 1 | . | — NUCIEi With magiC numbers
‘ of neutrons/protons

Enemgy of 2, (MeV)

> high energies of the first excited 2* state

BUED (%)

' | ;  » small nuclear deformations
‘@ e transition probabilities measured in single particle units (spu)

? \H\ LINES CONNECT ISOTOPES B(EZ; 2_1|_ - O+)

1% . I ; 1 i I ; I
o s 40 60 80
Neutron Number N

100 120 140 180
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Shell structure Iin nuclel

5. Raman et al., Atomic Data & Nuclear Data Tables 78, 1
T

[ T T T T T T y T T i T T T T ] Table 1 -- Nuclear Shell Structure (from Elementary Theory of Nuclear Shell Structure,
S (@ | Maria Goeppert Mayer & J. Hans D. Jensen, John Wiley & Sons, Inc., New York, 1955.)
y Angular Momentum Spm-Orbit Coupling Number of Nucleons Magic
e E (W) (42,302, 502, 772..) Number
L ] 7 1j
0 i 16 [184] — {184}
3 af g 4 -[168]
= 6 45 e N64]
gt 4 6 3d ] [162]
h=T E il [y Ay o
g sf b 6 2 5 [142]
g < i ST Aihh SR
i L 1 6 11
2F 4
14 [126] — {126}
1wk 3 2 {112]
2 3 5 I 4 {110]
st 1 S N [106]
L LINES COMNECT ISOTOPES ] 5 A !5 [;;‘j,']]
. 1 . 1 L ] i} o
‘0 ) a0 160 5 Ih
12 [82] — {82}
4 3 2 [70]
[0 8]
| 2d 6 [64]
-8 [58]
1 g
10 - [50] — {50}
— 2 [40] — {40}
3 7 6 - [38]
e AT R [ ) |
3 1f
£ {28) — {28}
—1d43/2 4. ——[20] — {20}
2 25 = 25 1/2 2 [16)
g Foefs —1d 3R 6 {14]
—lp 112 e — {8}
H 1 p = ——— &Il e mm el p 32 4 [6]
Maria Goeppert-Mayer  J. Hans D. Jensen > .
(1] 1s 1s 12 2 [2] {2}
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Nuclear potential

_VO
Vi) = 1 etrova

hz |72 —
[—% +V(r) — s] Y(r)=0 10 .

up(r)
r

Y(r) =

Yo (9, 9) - X

V() (MeV)

In the average nuclear potential V(r):

a) harmonic oscillator
b) square well potential
c) Woods-Saxon potential

the nucleons move freely

Hans-Jirgen Wollersheim - 2022 IE= N



Nuclear shell model

i 15 harmonic square-well realistic potential
oscillator potential + spin-orbit coupling
6 168
w -
\% TRIte s . 168 s
112 RO 3d =—-== 3d3/2
N _===-=C 27/2
S~o 3d5/2
L R 2n, Sa 1i11/2
70 TSI~ o 1i =>Z 126 28902
~ o 2f it e e————— 312
S~ s 1113/2
=~ 2P3 2
TN~ 1h/3s _--"" 82 %h79/22
40 2 _I%=s i
———— - 1g 1= 5443
AR S - 1g7/2
20 ) SO~ 2p < 50 1g9/2
s 1d ===z %B%/%%
h =z 1f5/2
X~ 25 = %g 1f7/2
8 AN g """ 2g1/2
S 1 =z--- 1d3/2
- = 1d5/2
Nss\; 1p e 8 1p1/2
2 Tt 1p3/2
1s 2
ohwy ——----—”"—------ 1s1/2
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Woods-Saxon potential @

2g (18) - .
b > Woods-Saxon does not reproduce the correct magic numbers

(2, 8,20, 40, 70, 112, 168),y5 (2, 8, 20, 28, 50, 82, 126),,,
i @ > Meyer und Jensen (1949): strong spin-orbit interaction
i (26) hz
A (14 —————— . -

——V2+V(@)+Vp(r)-£-5— e]‘P(r) =0
) [ 2m
’ 1 dv
I3 @ . .
) — Vos(r)~—A+—+— mit 1>0
i Go - ’ rodr
lg (18) ———————
dv(r)

2 © o

e—— dr llﬁll
If (14) ——m—_—— —_— | 11
% @) H ! jll I\
] ———— e o ) -

\V/ r

Ip (& ——— (r) /

® ® .J
ls (2 ———————---- /

Infinite Woods-Saxon /

well well

The spin-orbit term has its origin in the relativistic description of the single particle motion inside the nucleus
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2g
1j

3p

2f

3s
1h

2d

lg

2p

2s
1d

lp

(18)
(30

i (26)

(14)

2)
22)

(10)

(18)

(6)

(14)

(2)
(10)

(6)

2)

Woods-Saxon potential (jj-coupling)

J—
— ™~ ——
N
.
: @
Pigt
———
N
———
—
T ———————
[
—
Sa
O —
T ———e
————
. -
——
@
)
——— . —
=2
""‘_—_
——
B —
T —————————

Infinite

well

Woods-Saxon

well

%

7=%+3 = (€-5)=5-[()— ) —(s?)]h?

_ N =

=E[i(i+1)—{’(€+1)—s(s+1)]-h2

The nuclear potential with spin-orbit term:

?
V(r)+E'V€S for j=44+1/2

£+1

V) ——

Vog for j=+£€—1/2

spin-orbit interaction leads to a large splitting for large £.

_(3 + 1)/2 ’ (V{’s) '
j=4—-1/2

j=4+1)2

/2 - (V)
j=4+1)2
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Woods-Saxon potential

The spin-orbit term

Further splitting  Multiplicity .
Quantum energy fr;gmspin-ﬂrbit of states » lowers the j = €+1/2 orbital from the
- E - - -
walncogng N\ ! higher oscillator shell (intruder states)
A9 8 :
:;‘fg“m':””ﬂm”*“’” So—1)2 e » reproduces the magic numbers
\ 20+1 large energy gaps — very stable nuclei
1g , AE,s = 2 < he (Vi)
K Important consequences:
W41 . . . : .
) /5 9., 10 Iowgrlng_orbltals frqm higher Iylng N+1 shell
2 5 having different parity than orbitals from the N shell
. K
op < W, 6 Closed shells = strong interaction preserves the parity. The lowered orbitals
ST 2Py, 4 indicated By \ith different parity are rather pure states and do not mix
1f —— MAaQIc NUMbers -
s " . ] of nucleons. within the shell
3
T . 0 1 2 3 4 5 6 7 8 9 19 fm
2 - 1d3lr2 4 @ —E T T T T T T T /r_)—
14— 2 T TR g2 /70
h"- 1d5-ll E -1 _§ ;j;‘: W2+ 11/2_ W
2 50
AR W/
|p "a‘— 1p'|.12 e - ;ﬁ;_ 70 05V,
e IR NNV T =y
Py, 4 T 5/2 - s/
1401 3/2- = ) /“'
's . s ® 1 A 7oy,
v — "50_
2 MeV f-———R=6,2fm
pe——3,2 fm ——
(a=0,73Fm)
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Shell model

SR R S R e % aais A » Mass dependence of the neutron
ok Ui LR S N i | L ’:33-’,}';_ energles E~R—2
» number of neutrons in each level:
2-(2¢+1)
=10+
- —1g7
x &l
I.i.lc —1g9%2
—%n
Tl VIO A A A
— FJ
i R=1.9fm | R=3.0fm| R=41fm| R=7.11fm
-30 —£5 ﬂ_ s o
—1d¥ r
—1d54
= B — 75 3s
£ o P 125
—so 1s '/2 g i | H S
L 1 | 1 i 1 1 i 1 | I

0 20 &0 60 8O 100 120 140 160 180 200 220
A
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Success of the extreme single-particle shell model

%

Z ISDtDpE Observed Shell model > Ground state Spln and parlty
JT nlj
n T S i Every orbital has 2j+1 magnetic sub-states,
5 ""Bl (tijj?‘) lim completely filled orbitals have spin J=0,
1 [ 3/2 . -
. 17 1/2- 112 they do not contribute to the nuclear spin.
21 -+ . .
9 "y 512+ Lds For a nucleus with one nucleon outside a
il; zf,i“i' ;; 13“ completely occupied orbital the nuclear spin
[ o -5},-'2 - - -
15 33p 12" 2512 is given by the single nucleon.
17 e 3/2" 1d3 s ntj—J
lg 41K :i;‘r2+ ld:-}ll.-'g (_ [:”
21 'S¢ 7/27 1f7s2
23 9Vy, 7/2° Lfz/a
25 %Mn 7/2” 1f7/2
27 "TCo 7/27 1fz/2
29 Ej‘:I-Cll 3;'{2_ Qp:'l,f'lz
:il ELIEGH, 3'1'{2_ 2;]3.'.-'2
33 m_‘iﬁus (5/27) 1fs/2
35 SBr (3/27) 1fs/2
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Success of the extreme single-particle shell model

20’ (8)
RS 7 gp— )
3dvz = (6)
1% ———(16)
112 ——(12)
29 % -e-HU)
—_—3p'(2) .
— 3p32(4) 3pT (2)
21512 (6) 2152 —-(5{
Ipdz — (&
—_— 10 32014 iy = (14)
—2f 72(8) 1Th¥2 —0 —(10)
1h%; (10) {7 —(8)
3s 12(2) I3sn (2)
283i§(!.l 2d3p ——(4)
1h "2012) 1hlp  ——(12)
2d 5i2(6) 197 (8)
gwghz{ﬂ) 2d % @(6}
— 10 912(10) 799’2 — (10)
—2p [ 2) p'n (2)
1 52(6) 11 5 (6)
2p 3,0 4) . p3 ——(4)
—_—1f 71208 11 7, (8)
—_—d 204 ) 103 —(4)
25 12 (2) sy — (1)
O 10smts) 105 —1(6)
®
— 1p '2(2) 1p 2 (2)
—_— 1 3[4 1p3, @H)
15 47 (2) 1817 e (2)
\ g =
z Vws, 58K N
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Success of the extreme single-particle shell model

» Magnetic moments:

_)

%

-

The g-factor g; is given by: =got+gs-3=g;-] = =|(ge- €+ gs - s) i ﬁ
With #2=(G-8§2=72-2.7-5+3§2 §2=(j_f)2:f2_2.]".2+22
. 9o UG+ D+ EE+ D) -3/43+ g, UG+ D —¢(F+1) +3/4}
& 2-jG + D) J
_1 1 f({’+1)—s(s+1)
9;j=5(9,+gs)+ 250+ 1D - (ge — 95)
Simple relation for the g-factor Wiy
of single-particle states nucleus state  J*  model experiment
: ) 15N p-lp]} 2 1/2~ -0,264 —0,283
£ = Gructoss = 9o £ 20 for j=ex1 | O nlpj 1727 40,638 40,710
N 0 n-ldy, 5/2° -1,913 —1,894
F  p-ld;, 5/2%  +4,722  +4,793
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Success of the extreme single-particle shell model

1\ 1
[ge-<'—§)+§-gs]-uw for j=4£+1/2
» magnetic moments: (uz) =

' .3\ 1 )
-_‘[9£‘<J+—>_§'gs]'ﬂN for j=4-1/2

» g-factor of nukleons:
proton: g,=1, g,=+5.585
neutron: g¢,=0; g,=-3.82

(j+2293)-uy for j=+4+1/2
proton: Wa) =3 _2203). L. for j=e—1/2
j+1
—1.91- or j=4+4+1/2
neutron: (1) = j g /
z! — —_ . | = —
+1.91 TR M for j=+£-1/2
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Magnetic moments: Schmidt lines

magnetic moments: proton

magnetic moments: neutron 61—

0dd neutron

.|
r..
L]

L]

\ °1
i . E w4
—_—_———————— ‘f"___ ifb—
. . l
1)
L ]
ol
2= .
. Jj=t :
[ | | | | | j | L | | | |
2 3 - ”w o 12 132 e are 512 7i2 ETE 1142
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The three structures of the shell model

shell structure
mean field

pairing deformation
SU(2) SU({3)
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Evolution of nuclear structure
(as a function of nucleon number)

2+ 4+— 2+
2+
0t 0 0* 0* 0-——
R4/2 =<2 R4/2 ~ 2.0 R4/2 3,33 R4/2 ~ 2.0 R4/2 <2
Magic - Mid-shell - Magic

(sph. vib.) (ellipsoidal) (sph. vib.)

Hans-Jurgen Wollersheim - 2022 (=



Systematics of the Te isotopes (Z=52)

Vibrational Seniority - short range force
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Phonon Number 120Te 122Te 124Te 126 128 T 130Te 132 134 Te Seniority
Neutron number 68 70 72 74 76 78 80 82

Val. Neutr. number 14 12 10 8 6 4 2 0
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